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Abstract
A Green's function calculation of the far field radiation patterns of EMAT's is presented. The approach is based
upon (a) closed form expressions for the eddy current and static magnetic field distributions, established by
the EMAT, which react to produce the driving Lorentz forces and (b) a Green's function derived from the
steepest descent approximation to the far field response of an arbitary surface point force on a half space.
Numerical results are presented, illustrating the radiation patterns of the three common EMAT designs.
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and horizontally polarized shear waves as radiated by the latter.
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HALF-SPACE RADIATION BY EMAT's 
William J. Pardee and R.B. Thompson 
Rockwell International Science Center 
1049 Camino Dos Rios 
Thousand Oaks, CA 91360 
ABSTRACT 
A Green's function calculation of the far field radiation patterns of EMAT's is presented. The 
approach is based upon (a) closed form expressions for the eddy current and static magnetic field 
distributions, established by the EMAT, which react to produce the driving Lorentz forces and (b) a 
Green's function derived from the steepest descent approximation to the far field response of an 
arbitary surface point force on a half space. Numerical results are presented, illustrating the 
radiation patterns of the three common EMAT designs. Included are vertically polarized shear waves as 
radiated by both meander coil and periodic magnet EMAT's and horizontally polarized shear waves as 
radiated by the latter. 
INTRODUCTION 
Electromagnetic acoustic transducers (EMAT'sl 
have several features which are very useful in 
ultrasonic NDE. These features include non-
contact operation, which permits high speed in-
spection and inspection of hot parts such as 
welded plates, the ability to produce beams of 
easily controlled polarization (including espe-
cially horizontally polarized shear waves), and 
the production of a beam which can be electron-
ically scanned in angle. The increasing impor-
tance of these properties for both materials 
science studies (e.g •• residual stress, micro-
structure) and ultrasonic scattering NDE has made 
quantitative knowledge of their radiation patterns 
desirable. 
Three dimensional calculations of these radi-
ation patterns in the far field are presented on 
this paper for three types of EMAT 's radiating 
into a half-space. Two of the EMAT's consist of 
periodically polarized magnets surrounded by 
solenoidal coils to produce, respectively, shear-
horizontal (SH) and shear vertical (SV) bulk 
waves. The third consists of a uniformly polar-
ized magnet and periodic meander coil which pro-
duces SV bulk waves. The computations differ from 
earlier treatments (1,2) of EMAT radiation pat-
terns in several respects. All three components 
of the surface tractions are calculated directly 
· from Maxwell's equations, based on the assumption 
that the transducer currents and magnetization are 
uniform. The very important effects of non-
uniformity in the fields and eddy currents are 
thereby explicitly included, making it possible 
later to obtain a quantitative measure of the 
modal purity of the generated wave. Second, these 
calculations are done for rectangular (rather than 
cylindrical(2) EMAT's. Third, the lateral (three 
dimensional) variation of the EMAT beam is 
obtained. 
The paper is divided into three major parts; 
the solution of Maxwell's equations to obtain the 
eddy current and static fie 1 ds for the three types 
of EMAT, the calculation of the far field response 
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to an arbitrary (three-dimensional) point force on 
the surface of a half-space, and the combination 
of these results to obtain the (non-point force) 
elastic wave radiation from the three types of 
EMAT. The point force response (Green's function) 
of the half-space is obtained analytically, as are 
the surface tractions, while the combination is 
evaluated numerically. 
THE EMAT SURFACE TRACTIONS 
The three types of EMAT considered here are 
illustrated in Fig. 1. In a convenient, although 
somewhat non-uniform terminology, the periodic 
magnet, longitudinal coil EMAT (upper left) will 
be referred to as SH (because it generates SH 
waves), the periodic magnet, transverse coil 
(upper right) as SV, and the single magnet, me-
ander coil (which also generates SV waves) will be 
referred to as the MC EMAT. The current loops for 
the periodic permanent magnet EMAT's are schemat-
ically illustrated loosely wound, but are assumed 
to be a tightly wrapped (uniform sheet) coil in 
the calculations bel ow. The coordinate system 
used throughout this paper will be right-handed, 
with the EMAT centered under the origin (the 
elastic waves are generated in a metal occupying 
the half-space z > 0), with the periodic variation 
(magnet or meander coil) along the x axis. 
Calculation of Static Field 
Consider first a single uniformly magnetized 
permanent magnet located at -L/2 ' x ' L/2, -w/2 
' y ' w/2, and -(s+h) ' z' -s. as shown. in Fig. 
2. The magnetic field is readily obtained from 
classical magnetostatics. With uniform 
magnetization !:J = M0 ~ • we have 
V•H = -11 0 -
1 V·M = (M0 !1J 0 )[6(z+sl 
- o(z + s + h)] (1) 
Since the field is static, v x ~ = 0 • and we can 
find H from a potential ~M• 
.t! = -V4>M • 
which satisfies Poisson's equation, 
v24>M =PM = V•):1/1Jo 
The result is 
4>M{_~) = -f d3r'pM{_[' )/(4nR) 
or .t!Cr:l = -f d3r'R pM(_( )/(4nR3l 
where R. = r - r' 
and R = (R•Rl 112 • The integrals are two 
(2) 
(3) 
(4) 
(5) 
(6) 
dimensional over the top and bottom surfaces of 
the magnet. The results for the top surface are 
conveniently written as double sums of two terms 
each. and with 1! = 1-1 0 1:!.. 
2 
B = M /(4n) L 
x 0 m,n=1 
2 
B = M /(41!) L 
Y 0 m,n=1 
and 
with 
X = m -[x + (-1 )ml/2] 
Yn = -[y + (-l)nw/2] 
and 
Rron= (Xro2 + Yn2 + s2)1/2 
(8) 
(9) 
(10) 
(11) 
(12) 
The contribution from the bottom surface is 
obtained from Eq. (7-9) by the substitutions M0 + 
-M0 , s + s + h. These expressions will be usea in predicting the performance of the MC EMAT. 
For the SH and SV EMAT's the periodic magnet 
field can be obtained by summing contributions 
like those above with alternating sign, but it is 
preferable to take the magnet pair (Fig. 3) as the 
fundamental unit. The procedure is identical, 
though the integrals are somewhat longer. The 
results are, for the near surface. 
(Yn + R2,nl/ [(Yn + R2m-1,n)(Yn- R2,n)]} (1 3) 
3 
BY= M0/(4n)m~ 1 (3 mod(m,2)-2)log [(xm+ Rm. 1l/ 
(14) 
and 
B=M/(Bn) 
z 0 
2 3 l. l. (2-3 mod(m,2)) tan-1 
n=1 m=1 
SH 
(15) 
sv 
Fig. 1 The three EMAT configurations with the 
eddy currents, magnetic fields, and re-
sulting forces schematically illustrated. 
z 
Fig. 2 Geometry for calculating the static field 
of a single permanent magnet such as used 
in the meander coil EMAT. 
In the foregoing (Eq. 13-15) the expressions for 
Yn are given by Eq. (11) and 
(15a) 
but there are now three x va 1 ues, 
Xm = (m-1 )D/2 - X , m = 1, 2, 3 (16) 
and the factor 3 mod(m,2)-2 is just the set of 
weights 1, -2, 1. With this convention, Rm is 
still given by Eq. (12). The contribution ~rom 
the lower (distant) surface can be obtained as 
before, but this· is small, and is commonly made to 
vanish, in practice, by connecting the magnets 
with a soft iron shunt. One qualitative feature 
to be noted is the presence in the components of 
the static field parallel to the surface (Bx and 
Bvl of logarithmic singularities at each magnet 
boundary (Eqs. (13) and (14) evaluated for s = 0). 
y 
Fig. 3 Geometry for calculation of the static 
field of a single permanent magnet pair 
(quadrupole) which will be repeated 
perodi cally to form the SM and SV EMAT' s. 
Eddy Currents Induced by a Rectangular Current 
Loop 
For the frequencies of interest (~1 MHz) and 
in highly conducting metals such as aluminum, the 
wavelength of the elastic 'waves is much greater 
than the skin depth, so the eddy currents can be 
treated as a surface current distribution 
(amps/meter), 
,!S(x,y) = f dz ~(x,y,z) 
0 
(17) 
By applying the Maxwell equations for Vxtl to a 
small planar closed path along a vector u parallel 
to the metal surface, one obtains 
(18) 
where ~ is normal to the surface. The most 
general vector !.!. parallel to the surface can be 
written in the form u = a x A where a is 
arbitrary. Inserting this in Eq. (1Sl yields the 
condition, 
):!• ~ X _fr = f• ~ ( 19) 
A 
or f = !! x .Q. ( 20 l 
and this enables one to obtain the surface current 
K from the field J:!. The field li for the rectangle 
loop of the SH E~1AT, shown in Fig. 4 is obtained 
from the Biot-Savart law, 
(21) 
where R is as in Eq. (6), di = I dy/b, and dl is 
either ~1 dx or ~3 dz. To satisfy the condition that the normal component of~ vanishes at the 
conductor surface, an image contribution must be 
included. The effect of the image is to double 
the parallel components. The results are 
2 
K = K L 
y 0 i,j,k=l 
i+j+k (-1) log(zk + Rijkl , 
(23) 
where 
Ko = NI/(2nb) (24) 
X; = X + (-l)i+1 a/2 (25) 
Y; = y + (-l)j+l b/2 (26) 
zk = z + (2 - k)c (27) 
and 
R· "k = (x.2 + y.2 + zk2)1/2 lJ 1 J (28) 
For the SV EMAT, the coil is rotated 90° about 
the z-axis and the same results hold after the 
appropriate rotation. 
Eddy Currents Induced by a Meander Coil Segment 
The meander coil primitive segment is shown in 
Fig. 5. The induced surface currents are calcu-
lated as for the rectangular loop of §2.2, but now 
require only one-dimensional integrals. The re-
sults are 
(29) 
(30 l 
where 
and 
K0 = JJ 0 Ih/(2n) 
xn = x + (3 - 2n)ex/2 
Ym = Y - (-1)'%/2 
R = (X 2 + y 2 + h2 ) 1 /2 
nm n m 
(31) 
(32) 
(33) 
(34) 
ex and 8 define the coordinates of the coil as 
described in the caption to Fig. 5. The term in 
square brackets in Eq. (29) is the only contri-
bution from the conductor at ex/2 ( x ( 3 ex/2. y = 
-8/2, and this is to be omitted from the rightmost 
periodic repetition of the primitive meander coil 
segment. 
Fig. 4 Rectangular current loop of length a, 
width b, height c, located a distance 
s bel ow the xy plane. 
A 
Fig. 5 One segment of a meander coil. Entire 
coil is built up by periodic repetition. 
with the last leg omitted from the last 
segment. The coordinates are A = 1/2 
(-ex , -8 ) , B = 1 /2 (-ex , 8 ) , C = 1 /2 
(ex, 8), D - 1/2 (ex, -8) and E = 1/2 
( 3cx. -8). 
t_ 
The Surface Tractions 
The Lorentz force per unit volume on the elec-
trons, f = ~ x ~. has been shown3 - 11 to be trans-
ferred to the lattice. By integrating over z the 
surface traction (force per unit area) is ob-
tained, 
(35) 
where it has been noted that the skin depth is 
small compared to both the variation in the static 
field, B, and the wavelength of the elastic waves. 
The symmetries of the currents, fields, and trac-
tions are tabulated in Table 1. Note that the me-
ander coil eddy currents have no symmetry in y. 
Three dimensional plots of the three components of 
surface traction for each of the three transducer 
types are shown in Figs. 6-14. The transducer 
parameters are given in Table 2. In interpreting 
the results, it is important to recall that the 
in-plane magnetic component perpendicular to a 
magnet boundary has a weak (logarithmic) singu-
larity (~log s) at that boundary, as can be seen 
from, e.g •• Eq. (8) for B at y = w/2. The ex-
pression is singular for to;2 < x < D/2. i.e., 
along the magnet boundary. Moreover, the 
derivative with respect toy, aBy/ay, changes 
rapidly in magnitude and reverse~ sign at the 
boundary. This is evident, for example, in t 3 KxBy - KyBx for the SV EMAT, Fig. 11. 
Table 1 
SH SV MC 
X y X y X y 
Kx + + - - + 
~ - - + + - + + + + + + -Hx 
- - - - + -~ - + - + + + 
tx + - - + - + 
?. - + + - + - - + + + X 
Symmetries in x and y of the surface currents, 
static field and surface traction for the three 
varieties of EMAT shown in Fig. 1. Kx for the 
meander coil EMAT is neither symmetric or anti-
symmetric. 
Table 2 
SH and SV 
Length, mm ' 38.1 
Width, mm 7.87 
Height, mm 4.0 
Liftoff, mm 0.254 
Magnet period, mm 6.35 
# Magnet pairs 6 
MC 
Length, mm 31.75 
Width, mm 7.87 
Liftoff, mm 0.254 
Coil period, mm 6.35 
Magnet height, mm 4.0 
# m.c. loops 6 
The SH EMAT tractions (Figs. 5-7} exhibit two 
desirable properties: the desired component (ty. 
Fig. 6) is very smooth and periodic, and the 
undesired components (tx,tz• Figs. 5, 7) are much 
smaller. These undesired stress components are a 
result of fringing fields at the edges of the 
magnet and coil structure. The dominant currents 
and fields are KY and Bz which combine to produce 
the t illustrated in F1g. 7. The major contri-butio~s to undesired components arise from terms 
in the cross product of Eq. (35) which contain one 
fringing field and one of the dominant fields. 
Thus the tx distribution arises from the term KY 
Bx which, as shown in Fig. 6, is largest at the 
end of the magnet array where the current Kv is 
fringing as part of the closed paths in whith it 
must flow. The undesired tz distribution 
shown in Fig. 8 arises from two terms. K B is 
again largest at the magnet array ends d~ {o the 
same fringing of Ky. while KxBy is largest at the 
edges. The latter has a sign thange due to the 
change in sign of K~. occurring because the 
direction of the fr1nging eddy currents is 
opposite to those under the coi 1. The tx and tz 
components are reduced by 13 dB bel ow the ty 
component for this transducer. 
Fig. 6 Surface traction tx (x,y) in first 
quadrant (x,y ) 0) for SH EMAT. Scale 
in y direction expanded by factor of 5. 
Fig. 7 Surface traction ty (x,y) in first quad-
rant (x,y;. 0) for SH EMAT. All scales 
identical to those of Fig. 6. 
Fig. 8 Surface traction tz (x,y) in first 
quadrant, (x,y>O) tor SH EMAT. All 
scales identical to those of Fig. 6. 
The SV EMAT generates elastic waves by a 
combination of tx (Fig. 9) and t~ (Fig. 11) trac-
tions; the undesired ty (Fig. 101 component is 
much smaller. In this case, the periodic x and z 
components are strongly modulated. This is a 
consequence of the solenoid-like coil which in-
duces very large eddy currents near its ends but 
only weak currents near its center because the 
magnetic fields are nearly entirely contained by 
the coil. In this case. the K • Bx• and Bz fields 
are dominant. The undesired ~ stress component 
shown in Fig. 10 is produced b)' the term KzBx. 
For this coil geometry, the fringing current Kx is 
greatest at the magnet array ends (coil edge), and 
produces the indicated stress. which is about 10 
dB from the desired components. The strong 
modulation in the desired stress components for 
the SV case, in contrast to the highly periodic 
behavior for the SH case, arises because of the 
different aspect ratios of the solenoidal coils 
when wound transversely or longitudinally around 
the magnet array. 
Fig. 9 tx in first quandrant for SV EMAT. 
Transverse (y) scale expanded by a 
factor of 5. 
Fig. 10 ty in first quandrant for SV EMAT. All 
stales as in Fig. 9. 
Fig. 11 tf in first quandrant for SV EMAT. 
A 1 scales as in Fig. 9. 
The MC EMAT has singular behavior at both the 
wires and the magnet edges, as well as a lower 
amplitude traction (for given current and field) 
then the SV or SH magnets. It a 1 so 1 acks the 
symmetry (Table 1) of the other two EMAT types. 
THE FAR-FIELD HALF -SPACE GREEN'S 
FUNCTION FOR A SURFACE SOURCE 
The displacement field um(t.tl satisfies 
2 acr a u _ mn 
p-2 m-a-r--
at n 
(36) 
where 
auj (aum au 0 ) 0 mn = >-a;:-: 0mn + 1.1 ar- + ar 
J n m 
(37) 
with >. and 1.1 the Lame' constants and summation over j = 1, 2, 3 implied. At the surface (z = 0), the 
stresses satisfy 
(38) 
with I given by Eq. (35). This general solution 
is most conveniently obtained by superposition of 
solutions Gm 0 (w.rl for the special case in which 
T0 (t,x,y) = t 0 exp(jwt)o(x)o(y) (39) 
with t 11 an arbitrary real number and o the Dirac delta tunction. The solution for G in the far-
field is presented in Appendix B. fRe result is 
conveniently written in terms of longitudinal 
(Lijl and transverse (Tijl tensors as 
4Ttl.lr Gij = Tij exp(-jw r/cT) + Lij exp(-jw r'/cL) 
(40) 
with cL and cT the longitudinal and transverse 
wave velocities. 
Fig. 12 tx (x,y) in first quandrant for meander 
coil EMAT. Transverse (y) scale ex-
panded by a factor of 5. 
Define 
(41) 
and use spherical polar coordinates. z = r case, 
etc •• then. for both i * 3, and j * 3, 
(42) 
with 
dT (cos2e)2 + 4 sin2e case (K-2-sin2e)1/2 , 
(43) 
and 
(44) 
with 
dL (K 2-2 sin2e l2 + 4 sin2e cose 
(45) 
Fig. 13 ty in right half plane ( x20 l for meander 
coil EMAT. Vertical scale as in Fig. 
12. 
Fig. 14 tz for meander coil EMAT. All scales 
as in Fig. 13. 
The m~xed subscript components (G 3i. Gi 3• i * 3 l 
are g1ven by 
T; 3 = -2cos
2e ri (K-2-sin2eJ 112/dT (46) 
Li3 = cose 
/\ 
ri (K 2-2sin2e)/dL (47) 
T 3i = cose 
/\ (2sin2e - 1)/dT (48) ri 
and 
L3i 2cos 2a ~i (K 2 - sin2e) 1/2/dL (49) 
The remaining components of G are obtained from 
(50) 
(51) 
The square roots arise from the z component of a 
wave vector and become ne~ative imaginary when 
their arguments are negat1ve. 
It is useful to identify the extent and nature 
of the polarization of the radiation. SH 
polarization is defined by a unit vector ~( 1 l 
perpendicular to both the propagation direction 
Ct. in the far field) and the normal (2) to the 
surface. SV polarization is then defined to give 
a right handed triple by 
~(2) =!X ~(1)/r (52) 
The displacement of any transverse radiation can 
then be decomposed into components along these two 
directions 
!!. = [u(1)~(1) + u(2)~(2)] exp[j(wt- kr)]. (53) 
In general, u( 1) and u(2) will be complex numbers 
and the polarization will be elliptical. The 
measurable displacement field will then be given 
by the real part of l!· To describe the properties 
of the elliptical polarization more conveniently, 
we define 
T = wt - kR (54) 
(55) 
and 
(56) 
Here a; and oi can be interpreted as the peak 
magnitude and phase of the displacements along the 
SH and axes. a 1 is the instantaneous value along the axes. By elimination ofT one then obtains 
Eq. (12) 
(57) 
This quadratic form describes an ellipse, which 
has the simplified form 
· 2.r a 2 ' 2 s 1 n u = >. 1'' 1 + " 2B 2 (58) 
after a rotation of coordinates given by 
(59) 
(60) 
Here .p is the angle of the major axis of the 
elliptical motion, measure~ with respect to the SH 
polarization direction ~ 1 , and >. 1 and >. 2 are 
respectively the semi-major and semi-minor axes of 
the ellipse. The>-; are the eigenvalues of the 
quadratic form and are given by 
(62) 
(63) 
B1 and a2 are the instantaneous displacements 
measured along the major and minor axes 
respectively. Note that o = 0 implies >. 1 = 0, and therefore the ellipse equation degenerates to B2 = 0, a straight line. Circular polarization results 
from o = (2n + 1 )n /2. 
Let us consider the forgoing for the case of 
radiation from a surface point source orifnfed in 
the x directionr·f = ~'( ·1he amplitudes a 1 are 
obtained from a 1 = ~m 1 Tmi• and are given by 
(64) 
and 
a( 2 l cos2e cos9 cos~/[cos 229 
+ 4sin29 cos9(K-2 - sin29)112J • (65) 
For 9 < sin-1(K) the a(i) are real; the radiation 
is plane polarized. Ate = sin-1 (K) = sin-1 (1./2)) 
= 30° in the example to follow) the amplitude a( 2 
for SV radiation becomes complex and the radiation 
becomes, therefore, elliptically polarized. This 
transition can be appreciated physically by 
imagining the source to be infinitesimally inside 
the surface. For e.< sin-1(K) the beam contains 
SV waves propagating both directly from the 
source, and reflected from the surface, and to 
satisfy the boundary conditions on the surface a 
mode-converted longitudinal wave at o' = tan-1[(1 
- K2sfn29)- 112 ]. Ate= sin-1(K) the mode-
converted longitudinal ~ave becomes evanescent, 
and the coefficient u 2 1 concomitantly develops an 
imaginary part. The phase shift o is negative; 
the pol ari zati on vector rotates from SH to SV 
(right-handed). At o = 45° no SV beam can be 
radiated; the radiation is plane SH. For 9 > 45° 
a sma 11 SV beam reappears with the opposite sign. 
and thus is left-handed ellipically polarized. 
The angle .p made by the plane of polarization 
(or of the major axis of the ellipse. depending 
upon whether o * 0) varies with ~ as shown in Fig. 
15. For small e (radiation directed upward) the 
radiation is plane polarized, varying smoothly 
11;5 
between pure SH at <P = 90 o and pure SV at <1> = 0. 
The discontinuity at <P = 0 occurs because the SH 
amplitude disappears and reappears reversed 
symmetrically. as shown. 
For e just below and just below 45° the SV 
amplitude, because it disappears at 45°, is very 
small , so, except very close to the forward 
direction the radiation is nearly pure SH. Since 
the SV amplitude changes sign at e = 45°. the 
angle ~ has a discontinuity of 180° at this 
point. This discontinuity is essentially one of 
phase, and obviously does not imply any di scon-
tinuity in the amplitudes themselves. The 
dependence of~ upon e for various planes at fixed 
<1> (x' = x cos <1> + y sin<!>) is shown in Fig. 16. 
The power radiated per unit area is most 
easily obtained from14 
(66) 
and is conveniently separated into SH, SV and L 
contributions. For the two transverse 
contributions 
and for the longitudinal power, 
_el = i_a212(>, + 2\J )w2_£/cl 
with 
------- 9'"400 
____ 9•10" 
(67) 
(68) 
(69) 
Fig. 15 Polar plot of the angle w between q x z 
[e(SH)] and the plane of the major axis 
of the possibly degenerate polariza-
tion ellipse vs <1> for various e. 
The SH power- radiated into the plane o = 60° by a 
point force along the x axis is shown in Fig. 
17. Obviously, such a force produces no SH 
radiation in the forward (q, = 0) directfon. For 
fixed q,, the radiated SH power is independent of 
e. Figure 18 shows the SV power radiated by the 
same force into planes at q, = 0, 40°, and 80°. 
For o = 90° the radiated power is pure SH. The 
cusp at e = 30° is due to the evanescent mode-
converted longitudinal wave described earlier; the 
null at 45° arises because of reversal in sign of 
the SV amplitude as is evident from the vectors 
sketched on Fig. 18. For small o(o <45°) the x 
directed force produces a relatively large SV 
____ ¢=15" 
-------- ¢=45" 
-·-·-· ---- r!J= 75° 
Fig. 16 
x' ,P=-90" 0 90" 
Polar plot of the angle~ between q x z 
[e(SII)] and the plane of the major axis 
of the polarization ellipse vs e for 
various <1> arising from a point force 
parallel to x axis. 
~ 
\ 
\ 
-30 -20 -10 10d8 
Fig. 17 SH power radiated at e = 60° by a point 
surface force in the x direction. 
Fig. 18 SV power radiated into the zx' planes 
by a point force along x axis with 
x' = x cos<t> + y sin<t> for <1> = 0, 40°. 
and 80°. Change in sign of the SV 
amplitude ate = 45° is illustrated. 
displacement roughly parallel to itself. but for o 
> 45° the SV displacement arises from the x force 
pushing..!!£_ the material. This reverses the sign 
and produces a much lower SV efficiency. This is 
the origin of the reversal between right ellipti-
cally polarized and left elliptically polarized 
radiation at o = 45° The variation of the SV 
power as a function of <P. for e = 30° is shown in 
Fig. 19. The longitudinal power radiated by this 
x directed point force is shown in Fig. 20 as a 
function of o for various .p, It is obvious from 
symmetry arguments that no longitudinal power will 
be radiated upward (o = 0) by this force. or to 
146 
-- ·=~.:"- ---./: 
)(.~'. 
Fig. 1g Cross section of the SV power radiated 
into planes e = 30°. 60° by a point 
surface force in x direction. 
( 
Fig. 20 Longitudinal power radiated into zx' 
planes (x' = x coscp + y sincp) by a 
point surface force along x axis for 
<1> = 0, 40°. and. 80°. 
the side (cp = goo). The less obvious fact that 
the power must vanish for o = goo occurs because 
such a wave does not satisy the stress free 
boundary conditions at the half space surface. 
Figure 21 exhibits the smooth cross section of 
this longitudinal radiation in the forward 
direction in the plane 0 = 60°. 
Fig. 21 Cross section in the plane e = 60° of 
the longitudinal power radiated by a 
point surface force in the x direction. 
A point force along they axis introduces 
differs from the above only by cp + cp - goo. 
However. a poi.nt force along the z axis is 
fundamentally different. Note first that such a 
force produces no SH radiation, and its radiation 
is independent Of cp (axially symmetric). The 
smooth, structureless lo"ngitudinal radiation cone 
is shown in Fig. 22. The SV radiation pattern is 
more interesting as shown in Fig. 23. Again by 
symmetry, no SV waves are radiated along the z 
axis. Furthermore, there is a second null where 
the direction of the SV radiation vector changes 
sign ate = sin-1 (K). This is again related to 
Fig. 22 Longitudinal power radiated by a point 
surface force along z axis. Pattern 
is independent of cp. 
Fig. 23 SV power radiated.by a point surface 
force along z axis. Pattern is 
axially symmetric. 
the previously noted observation that, for a plane 
SV wave traveling at this angle, the phase matched 
longitudinal wave is evanescent. 
It is interesting to note that numerical 
comparisons show that the radiation into the 
planes cp = 0 and <1> = goo for the force f = R and 
into any plane for the force f = i are equivalent 
to that for equivalently oriented line forces 
except for a scaling factor. 
EMAT RADIATION PATTERNS 
The far field radiation pattern of the EMAT 
can be obtained from the convolution of the sur-
face tractions tj with the asymptotic expression 
Gi j for the Green's function. 
ui(x,y,z) = fd2x'Gij(x- x',y- y',z)tj(x',y'). 
(70) 
This convolution integral can be greatly sim-
plified by working in the far field of the EMAT; 
i.e., at a distance large compared to the entire 
EMAT rather than compared to a single EMAT seg-
ment •. This is only an entirely satisfactory 
approximation for quite large distances, 14 but a 
great deal can be learned from it. The effect is 
to enable us to make replacements 
exp(-ig_.~') (71) 
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This produces the very compact expression 
(72) 
where T ij and Lij depend only on a and 4> (Eq. 42-
51), ti 1s the two-dimensional Fourier transform 
of ti. qT(qL) = w/cT(cL)• and summation on j is 
implied. 
The two-dimensional Fourier transform of ti 
needs to be computed only for a rectangular mesh, 
for which FFT techniques are convenient. The 
value of ti is, of course, needed at non-mesh 
points, but this can be obtained by two-
dimensional interpolation without further time 
consuming integration. An interpolation algo-
rithim was chosen which used a sub-mesh of 16 
points (xn·Yml surrounding the desired point (x,y) 
and first fits cubic polynomials to four sets of 
four points parallel to the x coordinate 
[F(xn,y1l. etc.] interpolates in x in each to 
obtain four new interpolated values F(x,yn) to 
which a cubic polynomial interpolation is applied 
to estimate F(x,y). This was compared to iinear 
(4 mesh points) and quintic (36 mesh points) with 
excellent results (-0.2% change between cubic and 
quintic). 
We turn to the individual consideration of the 
three specific transducers. The SH power radiated 
by the SH EMAT in the xz plane is shown in Fig. 
24. At 1.8 mHz this EMAT produces main beams at a 
= 15°(cj> = 0,180°) and grating lobes at 0 = 51 °(cj> 
= o,180°), Note that the beams are very sharp 
(-3°), and that, without apodization, the side 
1 obes are down the 13 db expected for a 1 i near 
array of rectangular sources. The cross sections 
of these beams are shown in Fig. 25. The main 
beam is very broad (-30°. -3 db). and has two very 
small side lobes. The grating lobe is 15 db 
smaller and much narrower (-10°, -3 db). This 
fact could be used in data analysis to eliminate 
spudous signals from the grating lobe. 
The contamination of the SH beam with SV and 
longitudinal power is shown quantitatively by 
the <1> at which the radiation of that type is 
largest. The longitudinal power is very small (-28 
db) and occurs at a much larger a(a = 31°), but 
the SV power occurs at the same angle (with a much 
different <1> dependence) and is down only 13 db at 
peak. Since the g.enerating tractions, tx. and tz• 
for the SV radiation are antisymmetric (iable 11 
the two lobes of the SV pattern represent ampli-
tudes of opposite sign. It is possible that this 
antisymmetry could be used in signal processing to 
reduce the SV contamination further. 
Figure 27 illustrates the o dependence of the 
SV power radiated by the SV EMAT. The previously 
noted less-than-optimal aspect ratio of the 
particular transducer studied here contributes to 
the large side lobes. A cross section through the 
main beam at a = 15° is shown in Fig. 27. 
Figure 29 ex hi bits the e dependence of the 
longitudinal contamination of the predominantly SV 
Fig. 24 SH power radiated into the xz plane by 
the SH EMAT. 
\ l 
-30 -10 OdB 
Fig. 25 Cross section of the main beam (a = 15°) 
and grating lobe (a = 51°, dashed curve) 
of the SH EMAT. 
Fig. 26 Dependence upon <1> of main (SH) and 
secondary (SV) shear beams at thin 
maxima (a = 15°) and of the longitu-
dinal beam at its maximum (a - 31°) 
from the Sli EMAT. 
beam. Cross sections in <1> of the SH and longi-
tudinal beams from this (SV) transducer are shown 
in Fig. 30. As with the SV contamination of the 
beam from the SH transducer, the SH lobes are of 
opposite sign. 
The meander coil (MC) EMAT produces an SV 
radiation pattern which is narrower in a, but with 
very rapid (-3°) variation with a in the main 
beam, as shown in Fig. 31. 
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Fig. 27 SV power radiated 
the SV EMAT. 
OdB 
by 
Fig. 28 Cross section of the SV beam radiated 
at 8 = 15° by the SV EMAT. 
Fig. 29 Theta dependence ($ = 0) of the longi-
tudinal power radiated by the SV trans-
ducer into the xz plane. 
i 
' ! 
Fig. 30 Cross section ($ variation) of SH (dash-
dot) and L (solid curve) contamination 
of beam from SV EMAT. 
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Fig. 31 SV power radiated into the xz plane 
($ = 0) by the meander coil EMAT. 
The cross-section in ~ of the main beam is 
shown in Fig. 32. The irregularities in the ra-
diation pattern shown in Figs. 32, 33, and 34 are 
apparently due to the loss of numerical accuracy 
resulting from the coarser mesh required in the 
absence of symmetry. (Because of mini-computer 
memory limitations only 2145 elements were stored 
for each component; for symmetric problems all of 
these points were in the first quandrant). The 
(approximate) $ dependence of the SH beam from the 
MC transducer is illustrated in Fig. 33, and that 
of the longitudinal beam in Fig. 34. 
a~---~---, \ /"'-.. ~/ . ,-~ I I c i('~' 
I I t"'-~~, ·. \ 
! i i~~-<~~ ' i 
·----'--~· ~"'--'- ·------' -4~ -~ .;o ··:,!o · -~da 
Fig. 32 Cross section of the "main" (8 = 15°) SV 
beam radiated by the meander coil EMAT. 
------,-- ------
~ ·--. 
CONCLUSIONS 
The major results of this paper, in order of 
decreasing rigor, are the expressions of Section 2 
for the eddy currents and magnetic fields produced 
by various coils and magnets and their concomitant 
Fig. 34 Longitudinal power radiated into the xz 
plane by the MC EMAT (</> = 0). 
surface traction, the three-dimensional far-field 
half-space response to a point surface force pre-
sented in Section 3, and the radiation patterns of 
the three specific EMAT's in Section 4. The eddy 
current and magnetic field expressions can be used 
to generate the surface tractions for a very large 
set of EMAT's. Those tractions, when· combined 
with suitable other Green's functions can provide, 
e.g., near or intermediate field radiation. or the 
radiation pattern in a plate. The simplest im-
provement would be to eliminate the approximation 
of Eq. (71), and work in the far field of the 
point source, which is not nearly as far as the 
far field for the EMAT. The increase in computa-
tional effort is large, however. 
The most striking conclusion from the study of 
the EMAT radiation pattern is the remarkably good 
behavior of the SH EMAT. The beam is very sharp 
in a, very smooth and broad in <1>, and relatively 
free from other polarization components. In 
general, the most useful result of the study is 
the quantitative information about the 1 ateral (</>) 
variation of the radiation pattern. 
APPEUDIX 
The far field half space surface source 
Green's Function for the elastic wave equation can 
be constructed from solutions to the equation 
(Al) 
For any real vector ~with Q3 = 0, there exist 
·three independent solutions u! r) of the form 
!l.(r) ~(r) exp j(wt- ~·~- K(rlz] (A2) 
where K(r) = (w 2;c(r) 2 - Q2)112 with c(l) = c( 2) = 
cr. c (J) = cL. At z = o the surface stresses from 
an arbitrary linear combination Q of these 
solutions can be calculated readily. If the 
combination Q is written 
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(A3) 
the surface tractions are of the form 
(A4) 
where Tm3(rl)are the stresses produced by the 
solution u r • For a spatially harmonic applied 
traction tm• we require that 
T1113 (x,y,o) = tm exp [j(wt-Q•x)] (AS) 
By integrating the solutions U(x,y,z;~) over ~one 
obtains a solution ~(x,y,z), 
- _ig_ W - J 2 U(x,y,z,Q) ~ (211) - - (A6) 
which has surface tractions 
The a(r) are obtained from combining (A7) with 
(A4). 
The oscillating exponential can be cancelled,(a~d 
the matrix B in Eq. (A8) inverted to obtain a r , 
(A9) 
This leaves as the displacement field W whose 
surface tractions are given by Eq. (A7), 
2 3 
W = J....!!..SL 2 u(r) B-l t (AlO) 
n (211 )2 m,r=l n rm m 
3 
= L Gnm{x,y,z)tm (All) 
m=l 
The quality Gnm is the displacement field Green's 
function. 
The solutions u!r) are conveniently chosen 
with polarization vectors ~(r) given by 
(SH) (Al2) 
(Al3) 
and 
(A14) 
where 
(Al5) 
and 
(Al6) 
The surface tractions associated with these modes 
are given by 
(All) 
and 
. 1 2 2 2 
-2J.IJCL/w(KLQL,KLQ2,(2w /cT - Q )) 
(AlB) 
These equations (Al6-Al8) define the 3 x 3 matrix 
Bmr whose inverse is easily obtained analytically. 
No approximations have been made to this 
point, but now a considerable simplification can 
be obtained by going to the far field where the 
integral over Q can be evaluated approximately by 
the method of stationary phase. The integral 
needed is obtained from Eq. AlD. All, and A2, 
2 3 
Gnm( x ,y ,z) = jf ....!!_Q_ L ~( r) exp 
(21!) 2 r=l n 
. ( r) -1 
J (wt - .Q • .lS - K z) Brm (A19) 
We neglect the Q dependence of ~(r) and a-1r and 
search for an extremum in the two vari ab 1 es ~1 • Q2 
of the phase ~. 
"' t Q Q (w2/c2 _ 01 2_ 022)112 "' = w - X 1- y 2- Z 
A20) 
The resulting extremum Q0 is given by 
(A21) 
and 
(A22) 
The corresponding value of K,K 0 , satisfies 
Then the phase ~ is replaced by cp'. 
with the second derivatives evaluated at Q0 • The 
constant phase cp(Q0 ) = w(t - R/c) can be removed 
from the integral. The remaining quadratic 
exponential en be integrated as a product of 
Fresnel integrals after a change of variables to 
eliminate the cross term, Q1Q2• The results have the form 
2 
f 4 f(.Q) exp[jcp (.Q)] - jw cose f(.Q 0 ) 
(21T) 
exp[jw(t- R/c)]/(41rcR) (A25) 
N?tJ the integrals in (Al9) include both values(of 
c r • fn1 the integrands must be evalua~ed at q r 
= wx/c r , where ~ = (Q 1,Q2• K). That 1s, the 
approximate Green s function is 
. t 
case eJw 1 (r)A(r) 
-~ L.q en 
r 
( r) -1 
exp(-jwR/c )B rm 
with ~(r) and a-1 evaluated at Q = (w/c(r))(x.y,o)/Rr~here R~ = x~ + y2 + z2• 
Straightforward algebra produces the results given 
in Eq. (42-51). 
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